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ABSTRACT: The Cahn—Hilliard—Cook (CHC) theory for ternary blends composed of an A—B random
copolymer (A-r-B), an A homopolymer, and a B homopolymer is presented to investigate the dynamics of
early-stage spinodal decomposition (SD). The cases for both fast theory and slow theory have been
formulated. The time dependence of the structure factor of a ternary mixture is explored in the case
when the mixture is quenched into both three-phase and two-phase regions. The time dependence of the
structure factors of homopolymers A and B in the ternary blend is similar to those of binary homopolymer
blends composed of A and B. The characteristic parameters of early-stage spinodal decomposition are

formulated.

l. Introduction

Numerous studies have been reported on ternary
blends consisting of two homopolymers (A and B) and
the corresponding block copolymer (A—B), since the
copolymer plays an important role not only as a com-
patibilizer, enhancing the miscibility of A/B blends, but
also as a surfactant, reducing the interfacial tension
between A-rich and B-rich regions.1=6 Moreover, some
studies’~12 have theoretically explored the effects of the
added A—B on the dynamics of the phase separation
processes of A/B blends.

The ternary system focused on here consists of two
homopolymers (A and B) and the corresponding random
copolymer (A-r-B). Leibler!s first investigated the phase
diagram of the ternary system with A and B homopoly-
mers and a random copolymer containing equal amounts
of A monomer and B monomer by using the Flory—
Huggins theory, where A, B, and A-r-B have the same
polymerization index N. It was found that the ternary
mixture should have a tricritical point and that its
phase diagram is classified into four regions, depending
on the Flory—Huggins segmental interaction parameter
x between A and B as shown in Figure 1. (i) In region
I (YN < 2) (Figure 1a) the ternary mixture is homoge-
neous at all compositions. (ii) In region Il (2 < yN < 6)
(Figure 1b) the ternary mixture is separated into an
A-rich region and a B-rich region and A-r-B is dissolved
into both phases equally. There is only one critical point
(point C). (iii) In region 11l (6 < yN < 8) (Figure 1c)
the phase diagram contains three two-phase regions
(HKIH, HJILH, and AIJBA) and one three-phase region
(HI1JH); two critical points (points K and L) of demixing
exist. The three-phase region consists of an A-rich
region, a B-rich region, and an A-r-B rich region. (iv)
In region IV (8 < yN) (Figure 1d) as in the case of region
111, the phase diagram contains three two-phase regions
and one three-phase region (NOPN) but the critical
points have disappeared.

Broseta and Fredrickson!# investigated the molecular
weight effects of a random copolymer on the phase
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diagram of a ternary system in which the two ho-
mopolymers have the same polymerization index Ny,
which is different from the polymerization index Ng of
a random copolymer having equal amounts of A mono-
mer and B monomer. They found two different types
of phase diagrams according to the polymerization index
ratio o = Np/Ngr of the homopolymer to the random
copolymer. If a is smaller than 2/5, the three-phase
region emerges continuously via a tricritical point.
Otherwise, the three-phase region appears discontinu-
ously.

Our aim is to explore the dynamics of the phase
separation process in ternary mixtures of A, B, and
A-r-B quenched into the several regions classified by
Leibler. In the present paper, as a first step, we
formulated the Cahn—Hilliard—Cook (CHC) theory!516
to describe the early-stage spinodal decomposition (SD)
and to investigate the time dependence of the structure
factor of the ternary system using the Flory—Huggins—
de Gennes theory for the free energy functional of
mixing.

Il. Theory

First, let us derive the basic equation describing the
dynamics of early-stage SD in a ternary mixture of A,
B, and A-r-B. Here ¢a(r,t), ¢s(r,t), and ¢r(r,t) denote,
respectively, the volume fraction of A, B, and A-r-B at
position r and time t. The continuity equations for A,
B, and A-r-B components are given by

8¢A—(r,t) + VIA(rit)=0 (1)
ot
MB—(r’t) + VIg(r,t)=0 (2)
ot
and
% + VIg(r,t)=0 3)

where Ji is the flux of the kth component (k = A, B, or
R). The Onsager theory gives the following relations
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Figure 1. Phase diagram of A/B/A-r-B system at region | (a),
region Il (b), region 111 (c), and region IV (d). Binodal line and
spinodal line are indicated by solid line and broken line,
respectively. Point C in part b and points K and L in part ¢
denote the critical point. In parts c and d, open triangles denote
the equilibrium composition. The composition within the
triangles (HIJ and NOP) is three-phase region.

between the flux and the chemical potential uy of the
kth component:

In= —ApaV(ua = ur) — ApgViug — Ug) (4)
and
Jg = ~ApaVUa — #r) — ApeViug — tr) (5)

where Ajj is the Onsager kinetic coefficient. It is noted
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that the thermal fluctuation effects!® and the hydrody-
namic interactions effects'” are neglected in the above
equations. Substituting eqgs 1 and 2 into eqs 4 and 5,
respectively, we obtain

Ipa(rt)
at VAV (Up = ug) T VAAgV(ug — ug)  (6)
and
dpg(rt)
at VAgaV(up — ug) + VAggVi(ug — ug)  (7)

According to the Flory—Huggins—de Gennes theory,'®
the free energy functional F{¢a,¢8,¢r} per lattice site
are given by

Pa bg
Foads dr}t kg T = N_ Ing, + N_ In ¢g +

A B
Pr 2 2
N_ In g + xPads + (L — ) xdadr + Frdpdr +
R
2

a 1
— —(Vé)? (8
36k=ZB,R k( #)° (8)

where kg is the Boltzman constant, T the absolute
temperature, y the Flory—Huggins segmental interac-
tion parameter between A and B, N the polymerization
index of the kth component, f the volume fraction of A
in the random copolymer, and a the statistical segment
length. Here it is assumed that the statistical segment
length of each component is identical. Note that we do
not consider A-r-B by itself to show any microphase
separation or form any mesophases. We, hence, treated
the A-r-B as a homopolymer in eq 8. The validity of
this treatment was proved by the experimental results
on the scattered intensity of A-r-B/A blends in their one-
phase region!® and the phase separation process of A-r-
B/A blends.?° The standard definition of ux gives

oF
=F+ g —( i — & 9
Hy w: ,R5¢j( Kj ¢J) )

where Jy; is the Kronecker delta and hence

_O0F OF

W= 5 sy (I=ABLOTR) (0)

For small concentration fluctuations, 6F/d¢; can be
approximated by

OF OF O%F
R _‘ + ;
op;  O¢il,  =KBROGIOP,

[¢j - ¢’j,0] (11)
¢

where

¢ = (a0 PBo Pro) (12)

and ¢k o is the space average of ¢x. Substituting eqgs 10
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and 11 into eqgs 6 and 7, we obtain

dpa(r,1) 1 1 1
A A f—+ — | +
at ’ AA(NA¢A o Ngoro 2 )

AAB(N Pro + _X)]V Pa(r,t) —

2

a® a a’ 4
’AAA(18¢A,0 + 18¢R,o) + AAB(18¢R’O) Viga(r,t) +

1 1 1
A + )+ A+
AA( Nrdro 5") AB( N
S | RS P (- I
Nedro 24| 7el00 7| A 18010
A2
AB 18¢>B 18¢>
and
Ip(r,t) 1 1 1
ot ’ABA(NA¢A,0 " Nroro 2 ) *

1 1\ B
Ass(m + EX)]V Pa(r,t)

2

a’ a a’
Agplie—+ +A
’ BA(18¢>A0 186 o BB 18¢> )
1 1

1
A + + Appl—/——— +
[ BA( R¢R 0 EX) BB( B¢B,o
1 1 a’
NR‘PR,O - 2 ) Vv ¢B(r7t) - ’ABA(18¢ ) +

a
ABB(18¢B 18¢

\% qu(r t) +

Here Ajj are assumed to be independent of ¢k(r,t). The
Onsager kinetic coefficient can be obtained from two
different theories: the slow theory proposed by de
Gennes!821 and the fast theory proposed by Kramer??
and Brochard.?® According to the slow theory, Aj; are
given by (see Appendix)

AO,AA(AO,BB + AO,RR)
Appn = (15)

z AO,kk
k=AB,R

AO,BB(AO,AA + AO,RR)
Agg = (16)

; AO,kk
k=AB,R

and

_AO,AAAO,BB
Apg = Agp =

A
ZB Aok
k=AB,R

where Aok is the bare Onsager kinetic coefficient of k

17)
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component and U is the potential determined by the
incompressible condition. Agkk is given by?1:24

1 — exp(—N,a°q?/6)
N,a2q?

Ag (@) = 6DN &y o (18)

where Dy and q are, respectively, the self-diffusion
coefficient of k component and the wavenumber.

On the other hand, the fast theory gives (see Ap-
pendix)

Appa = (1 — ¢A)2AO,AA + ¢/2AAO,BB + ¢iAO,RR (19)
Agg = ¢2|3A0,AA +(1 - ¢B)2AO,BB + ¢ZBAO,RR (20)
and

Apg = Agp = — 01 — de)Agan — (1 — dg)daAgps T

PaPeorr (21)

In the present paper, we will use the slow theory, i.e.,
eqs 15—17. It is noted, however, that the results from
the fast and slow theories become identical, i.e., eqs 15—
17 become identical with eqs 19—21, respectively, in the
case where Na = Ng = Nr as in the systems to be
treated in section I11.

By applying the Fourier transform to eqs 13 and 14,
we get

apA(Q,t)
Aat = D11()¢a(Q,t) + Dyy(a)g(a.t)  (22)
and
0 t
—%a(f ) D1 (@)¢a(a,1) + Doy (a)gg(at)  (23)
where

1 1 1
Dy(a) = _[AAA(N— + N - EX) +

A¢A,O R¢R,0
1 1\| ., a’ a’ )
Apslco— + 2 ||0? = [ Apali2— + +
AB(NR¢R,O 2")]“ [ AA(18¢>A,0 186r0
a2 4
App 18, q’ (24)

A2+ o | (25)
781805, | 18¢p o)
1 11
D A — |+
21(9) [ BA(NA¢A’O Nedro 2%)
1 2 2 a2 )
A += A + +
BB(N Fro 2")]“ [ BA(18¢>A0 18¢r
P -S| (26)
88| 184 q
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and

1 1 1
D,,(q) = _’ABA(% + EX) + ABB( +

NBd)B,O
1 1\| .. a2
—= — A 2—] +
NR¢’R,0 ZX)IQ ’ BA(18¢R,0)
2 2
a a 4
Aes(18g5, 18¢R,0)]q @7)

When egs 22 and 23 are solved, the time dependence
of structure factors Saa(q,t), Sas(q,t), and Sgg(q,t) are
obtained:

Saa(@0) = ————————[a,(@)e”" " +
A (21(@) — A(@)*
az(q)e(ll(Q)‘*'lz(Q))t 4 as(q)eZ/lz(Q)t] (28)
_ 1 24(q)t
Sge(@,t) = ——————[bs(q)e +
o (@) — 2,(@)*
bz(q)e(h(Q)Hz(Q))t 4 bs(q)e%z(Q)t] (29)
and
_ 1 2 (q)t
Sas(@t) = ———[c,(q)e +
A8 (21(@) — A(@)*
Cz(q)e(h(QHiz(Q))t 4 Cs(q)eﬂz(qn] (30)
with

2,(q) = [41(q) — Dy(4)1*Saa(0.0) + 2D;5(a)[A4(q) —
D,,(9)1SAg(9,0) + DlZ(q)ZSBB(Q!O) (31)

a,(q) = [41(q) — Do(@)][D22(q) — 42(a)1Saa(@,0) +
D12(9)[2D2(q) — 41(a) — 22(0)1Sas(9,0) —

Dlz(q)ZSBB(q’O) (32)

a5(0) = [D(a) — 2,(0)1*Saa(@.0) — 2D;,(a)[D(a) —
Ao(@)]1S ps(0,0) + Dy5(0)’Sgp(a,0) (33)

bl(Q) = [/ll(CI) - D11(Q)]ZSBB(in) + 2D21(Q)[/11(Q) -
D11(@)]Sas(a,0) + D21(Q)ZSAA(CLO) (34)

b,(a) = [41(Q) — D12(D)][D14(q) — 45(a)]Ses(a.0) +
D,1(9)[2D14(q) — 44(a) — 22(4)1Sas(9,0) —

D,;(0)*Saa(0,0) (35)

ba(@) = [D11(0) — A,(A)]*Spa(@,0) — 2D (q)[Dy,(q) —
25(A)]Sp(0,0) + Dy (4)*Sgs(a,0) (36)

€1(A) = Doy (a)[A1(A) — Dp(a)]ISaa(a,0) + {[2,(a) —
D11(@][41(9) — D2x(a)] + D1,(4)D,1(A)} Spp(a,0) +
D12(@)[41(a) — D11(@)]Saa(@,0) (37)

¢,(a) = D51 (9)[D,(a) — D11(9)1San(9,0) +
{[D5(@) — 2,(@)]” + [A4(a) — Dyp(@)) —
2D1,(0)D,41(0)} Spp(d,0) + D1p(9)[D44(a) —
D22(a)]1Sgs(0,0) (38)
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and

C3(q) = D51(a)[42(q) — Do(A)1Saa(@.0) +
{[12(a) — D11 (@)][22(q) — D,y(a)] +
D15(A)D,1(0)} Sag(@,0) + Dy(a)[A(q) —
D11 (a)1Saa(0,0) (39)

where S;ji(g,t) (i,j = A, B, or R) is defined by
Sij(a,t) = di(a,H¢f(a,0)F (40)

with 0&F denoting a thermal average. 4:(q) and A2(q)
(A1(g) > 42(q)) are the solution of

(D11(a) — A@)(D2(a) — A(a)) — Dy,(a)D5y(q) =0 (41)

Sij(9,0) (i,j = A,B, or R) are the structure factors before
the quench and given by25-27

Spa(0,0) = SE\A(q)[(S‘éB(q) + S%(@)) —

F1Sa(@Sh(@)A (42)

Ss(0.0) = SRa@)SBa(@)] 1 ~ S1eSE(@]/A (43)

and

(Saa(@) + Spr(@)) —

SA@SE(@)A (44)

Sg(9,0) = SgB(Q)

where
SgA(q) N :NA:;A,O - 13?2:0: ) (45)
O T I
and

1
A= SOAA(Q) + SgB(Q) + SgR(Q) - EXOS,%\A(q)(SgB(Q) +

S%(0)) — 70S%6(a)(S2(0) + SAR(@) —
2oSaa(@)Ses(@) (48)

with yo being the y parameter before quench.
The time dependence of Sgr(q,t) can be obtained from

Srr(@:t) = Saa(@t) + Sgp(@,t) +2S,5(a,t)  (49)

In the above discussion, we neglected the effects of
thermal fluctuations. According to the generalized CHC
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Figure 2. Time changes in Saa(g,t) (2) and Sgr(q,t) (b) of the
ternary system with ¢ro = 0.20 quenched from y = 0.001 to y
= 0.003 or region II.

theory,?82% we obtain

San@t) = Z[aT,l(q)ele(q)t +

1
(A.(q) — A,(a))
ar o(q)e @+ g (q)e? D + S,(q,%) (50)

1 2(a)t
@) — I T

b ,(q)eM @D 4 b (q)e* D + Sga(q,0) (51)

SBB(qit) =

and

1 24(g)t
@) — i e

Cr o(@)eM @Dt 4 e ()6 @] + Spp(a,0) (52)

SAB(qit) =

where Sijj(q,) is the virtual structure factor given by
eqs 42—48 in which yo should be replaced by the y
parameter yt at a phase separation temperature T. The
guantities of arx(q), bt k(g), and ct(q) in eqs 50—52 are,
respectively, ax(q), bk(q), and ck(q) in egs 31—39, where
Sij(q,0) values are replaced by S;j(q,0) — S;j(q,).

In the next section, we will calculate the time depen-
dence of the structure factors of the ternary mixture
quenched under different conditions.

I11. Time Changes in the Structure Factors of
the Ternary Systems

Here let us calculate the dynamics of the system with
Na = Ng = Ng. The parameters chosen are N = Ng =
Nr = 1000, Do = Dg = Dgr = 2000 nm?/s, and a = 0.7
nm. As the system discussed in the present paper
satisfies the conditions with Na = Ng and ¢ao = ¢80,
Saa(g,t) and Sgs(q,t) become identical. We, hence,
investigate the time dependence of Saa(g,t) and Sgr(g,t).

A. Quench into Region Il. Figure 2 shows the
time dependence of Saa(q,t) of the system with ¢ro =
0.2 quenched from y = 0.001 (x\N = 1) to y = 0.003 (yN
= 3) or Region Il (point D in Figure 1b). This quench
to region Il causes two-phase separation and ¢ values
of each equilibrium phase (points E and F in Figure 1b)
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Figure 3. 1i(q) and Ax(q) plotted as a function of q for the
ternary system with ¢ro = 0.20 quenched from y = 0.001 to y
= 0.003 or region II.

are 0.663, 0.137, 0.2 and 0.137, 0.663, 0.2. In the time
dependence of Saa(q,t), the peak appears at q = 0.09
nm~1 and the peak shifts to smaller q values. This
tendency is similar to that of binary homopolymer
blends. It is interesting to note that Sgr(q,t) does not
change either with time as shown in Figure 2b or with
x- We will discuss the reasons below.

Similarly to Saa(q,0) and Sgs(q,0), Srr(q,0) is given
by?25.26

Srr(0,0) = SRR@)[(S2a(@) + Saa(@) —
210Saa(@)S2e(@)/Ag (53)

with

A = SEa(0) + SAA(@) + S3a(0) — SHoSAR(E(Sha@) +
Saa(®) ~ 26Saa(@)Sga(@) (54)

Substituting the relation

Saa(@) = Sga(@) (55)
into eqs 53 and 54 and rearranging eq 53, we obtain
ZS(F)QR(q)SOAA(q)

S ,0) =
0= 5 @) + 250

Thus, we find that Sgrr(q,0) and Srr(g,) are inde-
pendent of y. By substituting Sgr(d,0) = Srr(q,e) into
egs 49 and 50—52, we obtain

Srr(d;t) = Sgr(0,) (57)

so that Sgg(q,t) becomes constant with time within the
frame of CHC theory. This feature in Sggr(q.t) is
common in all regions so that we do not show the time
dependence of Sgr(q,t) later.

In Figure 3, 11(q) and A2(q) are plotted as a function
of g. It is found that 1,(q) is negative at all g regions
and that |11(q)| is smaller than |1,(q)| at all q regions.
These features indicate that the time dependence of Saa-
(g,t) at longer times can be described by

= Sgrr(@,)  (56)

ar (@)™

= (@) — (@)

which is similar to the CHC type equation for the time
evolution of the structure factor in homopolymer blends.1®

Saa(at) + Saa(@,) (58)
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Figure 4. Plot of 11(q)/[5(q)/g?] for the ternary system with
¢ro = 0.20 quenched from y = 0.001 to y = 0.003 or region I1.

Figure 4 is the so-called “Cahn plot” for 11(q), i.e., A1-
(@/[7(a)a?] vs g2 plot, where 5(q) is given by

n(@) = [1 — exp(~N,a’g’/6)IIN,a’a® (59

It is noted that we divided 11(q)/g? by 7(q) to remove
the g dependence of Aaa(q) from the plot. The plot
shows linearity between 11(q)/[7(9)g?] and g2 so that the
characteristic parameters, the mutual diffusion coef-
ficient Dapp and the wavenumber gm(0), can be obtained
from Figure 4. The values of Dypp and gm(0) are 400
nm?2/s and 0.06 nm~1, respectively.

Let us consider the quantities of A;(q) with the
conditions Na = Ng and ¢ao = ¢so. Under these
conditions, Djj(q) values in eqs 24—27 satisfy

D11(a) = D5(q) (60)
and

D1,(a) = D,4(a) (61)
The solutions 4;(g)and 1,(q) of eq 41, hence, are

— ol 1 a®
21(q) = (=Aaa T Anp)d N X+ 18¢H,0q ] (62)

and
1 2
»(a) (Aan + Ane)d Nydro Npduo
2 2
a 2a 2
+ 63
(18¢H,0 18¢R,o)q] 2

where Ny = Na = Ng and ¢uo0 = ¢ao = ¢so. ASSeenin
eq 62, the concentration fluctuation becomes unstable
at g < qc when y becomes greater than a critical point
for two-phase separation at this composition [=1/
(NHon,0)], where g is given by

1/2

L (64)
NHa Xc
with
1
= (65)
*e NP o

Equations 64 and 65 indicate that the instability of
the concentration fluctuations depends on the quench
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Figure 5. Time change in Saa(q,t) of the ternary system with
¢ro = 0.5 quenched from y = 0.001 to y = 0.007 or region IlI.
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Figure 6. Time change in Saa(q,t) of the ternary system with
¢ro = 0.5 quenched from y = 0.001 to y = 0.009 or region IV.

depth or (y — xc) and are independent of the tricritical
point of the blends. This equation is similar to the
growth rate for binary homopolymer blends. Actually,
if we neglect the term of the random copolymer, 41(q)
becomes identical with the expression of growth rate for
binary homopolymer blends composed of A and B. This
means that this 1,(q) mode represents the dynamics of
the concentration fluctuations caused by the interdif-
fusion between homopolymer A and homopolymer B. On
the other hand, 1,(q) is found to be independent of .
This mode corresponds to the dynamics of the interdif-
fusion between the random copolymer and homopolymer
A or B. For such a symmetric case, the random
copolymer acts as a © solvent for both homopolymers
so that the concentration fluctuations of the random
copolymer tend to maintain a homogeneous state as
indicated in the expression of 1,(q).

B. Quench into Regions 111 and IV. Figures 5 and
6 show the time dependence of Saa(q,t) of the system
with ¢ro = 0.5 quenched from y = 0.001 (yN = 1) to x
= 0.007 (yN = 7) or region Il (point G in Figure 1c)
and y = 0.009 (yN = 9) or region IV (point M in Figure
1d), respectively. Under these quench conditions, the
mixture separates into three phases and ¢ values of
each equilibrium phase are 0.140, 0.140, 0.720 (point
H in Figure 1c), 0.584, 0.010, 0.406 (point I in Figure
1c), and 0.010, 0.584, 0.406 (point J in Figure 1c), for
the quench to yN = 7, and 0.0930, 0.0930, 0.814 (point
N in Figure 1d), 0.8195, 0.0005, 0.1800 (point O in
Figure 1d), and 0.0005, 0.8195, 0.1800 (point P in Figure
1d), for the quench to yN = 9. Similarly to the case
qguenched into region I, it is shown that the peak
appears and shifts to smaller q values in Saa(g,t) as
shown in Figure 2a. Figures 7 and 8 illustrate the q
dependence of 11(q) and 1»(q) and the Cahn plot for 13-
(q) for the quench to regions Il and IV, respectively.
Again, we found that the plots of 1:(q)/[(q)g?] and g2
become linear in Figures 7b and 8b as in Figure 4. The
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reason for the similarity between the dynamics of early-
stage SD in region Il and those in regions Il and IV is
that the growth mode Ai(g) depends on (y — yxc) as
described before.

V. Conclusions

We have formulated the CHC theory describing the
dynamics of early-stage SD in a ternary mixture com-
posed of homopolymers and a random copolymer within
the Flory—Huggins theory. We adopted both the slow
theory and the fast theory to the CHC theory. We
calculated the dynamics of the structure factors of the
system in which each component has an identical
polymerization index and the space-averaged volume
fractions of homopolymers are equal. The analyses
revealed the following points. The time dependence of
the structure factors for a component polymer (e.g. A)
in the ternary mixtures quenched into region Il (two-
phase region) was identical to that quenched into region
11 or IV (three-phase region). They were all similar
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also to that of binary homopolymer blends. This simi-
larity is because (i) the dominant growth mode 1,(q) due
to the interdiffusion between homopolymer A and ho-
mopolymer B is similar to the expression of the growth
rate of binary homopolymer blends and (ii) the random
copolymer acts as a © solvent for both components and
tends to spread homogeneously. The second feature (ii)
holds in the whole time scale in the context of the
linearized theory. In the context of CHC theory, the
higher order (or nonlinear term) of the concentration
fluctuations in the chemical potential has been ne-
glected. The difference between the dynamics above the
tricritical point (region I1) and those below the tricritical
point (regions 11l and 1V), hence, would appear in the
later stage where the nonlinear term becomes important
in the dynamics of the concentration fluctuations.
Recently, we have reported preliminary results on the
later stage dynamics of the mixture with computer
simulation where the nonlinear term was included in
the chemical potential; we found that the mixture
quenched under the tricritical point underwent three-
phase separation consisting of A-rich, B-rich, and A-r-
B-rich regions.3® We will investigate the dynamics of
the mixture quenched above the tricritical point and
explore the difference in a future publication.3!

Appendix

Here let us calculate the Onsager kinetic coefficient
Ajj by using both the slow theory and the fast theory.
According to the de Gennes procedure (or the slow
theory), the flux is described by

JIa="AoanV(ua +U) (A.1)

Jg = ~AorrViug + U) (A.2)
and

Jr = ~AorrViug + U) (A.3)

where U is the potential determined by the incompress-
ible condition. Agk is given by eq 18. The incompress-
ible condition

Iyt Ig+Ig=0 (A.4)
leads to VU

_ Ao aaVia T NopVitg + Ao rrVitr

VU =
Aoan T Nope T Agrr

(A.5)

Substituting eq A.5 into egs A.1 and A.2 and rear-
ranging egs A.1 and A.2, we then have

AO,AA(AO,BB + AO,RR)

ZB AO,kk
k=AB,R

N Viua — ug) —

_AO,AAAO,BB

ZB AO,kk
k=AB,R

Viug — ug) (A-6)
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and
_AO,AAAO,BB
Jg=— —V(ﬂA - ﬂR) -
ZB AO,kk
k=AB.R
AO,BB(AO,AA + AO,RR)

Viug — ug) (A7)

ZB AO,kk
k=AB,R

A comparison between eqs A.6 and A.7 and eqs 4 and 5
gives egs 15—17.

On the other hand, Brochard proposed the tube
velocity concept and derived the following equations:

Ja= "N aaVita t Ve (A.8)
Jg = ~AogsVis T ¢Vt (A.9)
and
Jr = ~AorrVir T drVT (A.10)
where vt is the tube velocity of the system given by
Vi = AgaaViia t AgsVitg + AgrrVitr (A11)

Substituting eq A.11 into egs A.8 and A.9, we obtain

Ipn= —AganVup t ¢A(A0,AAV//‘A + AgpsVig T
AO,RRvﬂR) (A.12)

and

Jg = ~AopeVig ¢B(A0,AAVﬂA + AgpeVig +
Ao,RRV#R) (A.13)

By using the Gibbs—Duhem relation, eqs A.12 and A.13
can be simplified to

Ja=—{1- ¢A)2A0,AA + ¢2AA0,BB + ¢iAO,RR} V(up —
ug) —{—(1 — ¢A)¢BA0,AA — a1 — ¢B)AO,BB +
¢A¢BA0,RR} Viug — ug) (A.14)
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and

Jg=—{—9¢a(1l - ¢B)A0,AA -(1- ¢’B)¢AA0,BB +
daPNorrt Vua — 1r) — {¢ZBAO,AA +(@1 - ¢B)2A0,BB +
¢2|3A0,RR} V(ug — ug) (A.15)

respectively. A comparison between egs A.14 and A.15
and egs 4 and 5 gives eqs 19—21.
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